Mumford-Tate and Generalised Shafarevich conjectures by Ullmo, Emmanuel & Yafaev, Andrei
ar
X
iv
:1
20
9.
09
47
v1
  [
ma
th.
NT
]  
5 S
ep
 20
12
MUMFORD-TATE AND GENERALISED
SHAFAREVICH CONJECTURES.
EMMANUEL ULLMO AND ANDREI YAFAEV
Abstract. Dans cet article on formule les conjectures d’Isogenie,
de Mumford-Tate et de Shafarevich ge´ne´ralise´es et on de´montre
qu’elles sont e´quivalentes.
Abstract. In this paper we formulate generalised Isogeny, Mumford-
Tate and Shafarevich conjectures and prove that they are equiva-
lent.
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2 EMMANUEL ULLMO AND ANDREI YAFAEV
1. Introduction.
Let A be an abelian variety of dimension g over a number field L. For
any prime number l, let Tl(A) be the projective limit of A[l
n](L), the
ln torsion of A. It is a free Zl-module of rank 2g, classically called the
Tate module of A. We denote by Vl(A) the Ql-vector space Ql⊗Tl(A).
The Tate module Tl(A) has a continuous action by the Galois group
Gal(L/L). In his landmark paper [5], Faltings proves the following
statements:
(1) The action of Gal(L/L) on Vl(A) is semi-simple.
(2) The natural map
EndL(A)⊗ Zl −→ EndGal(L/L)(Tl(A))
is an isomorphism.
(3) There are only finitely many isomorphism classes of abelian
varieties defined over L in the isogeny class of A.
The second statement is known as the Tate isogeny conjecture (for
abelian varieties). Tate proved these statements for abelian varieties
over finite fields (see [15]) and Faltings proved them for abelian va-
rieties over number fields using completely different techniques. The
second statement is a very special case of the general Tate conjecture
on algebraic cycles on abelian varieties (see [16], also [9]).
The last statement is a consequence of the Shafarevich conjecture
and constitutes an important step of its proof by Faltings. We will
therefore call this last statement the Shafarevich conjecture as well.
The classical statement of the Shafarevich conjecture is that for a given
number field L, integers g and d and a finite set of places S of L, there
are only finitely many isomorphism classes of abelian varieties over L
of dimension g with a polarisation of degree d2 having good reduction
outside S. The statement 3 above is a direct consequence of this.
The action of Gal(L/L) on Vl(A) gives rise to a representation
ρA,l : Gal(L/L) −→ GL(Vl(A)).
The l-adic monodromy group associated to ρA,l is defined as the
Zariski closure Hl of ρA,l(Gal(L/L)) in GL(Vl(A)). Let M be the
Mumford-Tate group of A. It is known that the connected compo-
nent H0l of Hl is independent of the field of definition L of A (see [13])
and is contained in MQl ([3],I, Prop. 6.2 and [1]) . The Mumford-Tate
conjecture asserts that H0l = MQl . This conjecture is in general open.
There are some easy implications between these conjectures. Tate’s
method (see [15]) shows that the Shafarevich conjecture implies the
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Tate isogeny conjecture. It is easy to see that the Mumford-Tate con-
jecture implies the Tate isogeny conjecture. An attempt to prove the
reverse inclusion leads to an idea for generalisation of the Tate isogeny
conjecture as explained below. In this paper we formulate suitable gen-
eralisations of the Mumford-Tate, Tate isogeny and Shafarevich con-
jectures and show that the three conjectures are equivalent.
We start by constructing a Galois representation attached to a Q-
valued point on a Shimura variety and a representation of the group
intervening in the definition of the Shimura variety in question. Our
construction is to be compared to that of Shimura (see [14]) and Borovoi
(see [1]).
When the Shimura variety is the moduli space of principally polarised
abelian varieties of dimension g and the representation is the standard
representation of the symplectic group, our definition gives the l-adic
representations on the Tate module of an abelian variety discussed
previously.
We then formulate the generalised Tate isogeny conjecture (that we
simply call Isogeny conjecture), and generalised the Shafarevich con-
jecture in this context. We show that they are both equivalent to the
generalised Mumford-Tate conjecture. For Shimura varieties of Hodge
type the generalised Mumford-Tate conjecture is just the usual one for
abelian varieties.
The idea of the generalisation is to make the conjectures independent
of the choice of the representation of the group defining the Shimura
variety. Tate isogeny conjecture is just our Isogeny conjecture for the
standard symplectic representation. Known cases of the Mumford-Tate
conjecture provide some cases of these generalised conjectures. We
hope that our approach yields a new perspective on these conjectures.
In particular, the Isogeny and Mumford-Tate conjectures are of ‘mo-
tivic’ nature while the generalised Shafarevich conjecture is of arith-
metic nature and we hope that the methods of Faltings may be adapted
and yield an approach to this conjecture.
The implication ‘the generalised Shafarevich implies the Isogeny con-
jecture’ is classical and is an adaptation of the arguments of Tate ([15]).
The implication ‘generalised Mumford-Tate implies Isogeny conjecture’
is straightforward. The converse is easy but really requires the inde-
pendence of the choice of the representation. The implication ‘the
generalised Mumford-Tate implies the generalised Shafarevich’ is intu-
itive. Mumford-Tate conjecture states loosely speaking that the image
of the Galois group is ‘big’ and hence the fields of definition of points
lying in a generalised Hecke orbit should grow. However, technically
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this is the hardest part of the paper and requires a difficult result in
group/measure theory which, we believe, is of independent interest.
As a sub-product of our construction of Galois representations we re-
cover some previously known results on Galois representations attached
to abelian varieties such as the fact the image of ρA,l is contained in
M(Ql) (with the above notation) and that the centre ofM is contained
in the centre of the l-adic monodromy group Hl and coincides with it
for Shimura varieties of Hodge type. Notice that classically such results
are derived from hard theorems such as Deligne’s theorem on absolute
Hodge cycles (see [3]) while in this paper we show that they follow from
our construction in a straightforward way.
1.1. Notations and conventions. The algebraic closure of a field k
is denoted k.
Number fields are always assumed to be given as subfields of C.
With this convention, if Z is a an algebraic variety over a number field
L then the set Z(L) of L-rational points of Z is a subset of the set of
the complex points Z(C) of Z.
For a linear algebraic group G, G0 denotes the identity component
of G for the Zariski topology and Gad (adjoint group), Gab (maximal
abelian quotient) and Gder (derived group) have the usual meaning.
The centre of G is denoted by ZG. If H is an algebraic subgroup of
G then NG(H) and ZG(H) are respectively the normaliser and the
centraliser of H in G. Reductive groups are assumed to be connected.
Let V be a k-vector space and A be a subset of End(V ), then
EndA(V ) denotes the endomorphism algebra of V commuting with the
elements of A.
We write A (resp. Af ) for the ring of ade`les (resp. finite ade`les) of
Q. A superscript l denotes a structure “away from l”; a subscript l
denotes a structure “at l”. Let G be an algebraic group over Q, we
refer to [12] 0.6 for the definition of a neat subgroup of G(Af).
Let S := ResC/RGm,C be the Deligne torus. By a Shimura datum
(G,X) we mean a reductive group over Q together with the G(R)-
conjugacy class of a morphism s0 : S → GR such that (G,X) satisfies
the conditions (2.1.1.1), (2.1.1.2) and (2.1.1.3) of Deligne [4]. The
Mumford-Tate group of MT (s) of s ∈ X is defined as the smallest
Q-subgroup of G such that s : S → GR factors through MT (s)R. The
generic Mumford-Tate group MT (X) of X is defined as the smallest
Q-subgroup of G containing all the MT (s) for s ∈ X . We will only
consider Shimura data (G,X) such that G = MT (X); see [18] lemma
2.1. for the fact that imposing this condition does not cause any loss of
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generality. Under this assumption the conditions (2.1.1.4) and (2.1.1.5)
of Deligne [4] are also satisfied; see the appendix to this paper.
If K is a compact open subgroup of G(Af) then ShK(G,X) is the
canonical model of the Shimura variety over the reflex field E(G,X) of
(G,X). Then
ShK(G,X)(C) = G(Q)\X ×G(Af)/K.
Let Sh(G,X) be the projective limit of the ShK(G,X). Then Sh(G,X)
is defined over E(G,X) and with our conventions (see [4] cor. 2.1.11
or [8] thm. 5.28)
Sh(G,X)(C) = G(Q)\X ×G(Af).
We will write [s, g] for the point of ShK(G,X)(C) which is the im-
age of the element (s, g) of X × G(Af). We will write [s, g] for a
point of Sh(G,X)(C) which is the image of (s, g). A point [s, g] of
ShK(G,X)(C) is said to be Hodge generic if MT (s) = G.
1.2. Contents of the paper. In section two we consider a Shimura
datum (G,X) and K a neat compact open subgroup of G(Af ) which is
a product K =
∏
lKl over primes l. Let ShK(G,X) the corresponding
Shimura variety over E(G,X). Let L be a number field containing
E(G,X) and x = [s, 1] ∈ ShK(G,X)(L) ⊂ ShK(G,X)(C).
We let x˜ be the point [s, 1] of Sh(G,X). We show that these choices
determine a Galois representation
ρx˜ : Gal(L/L) −→ K
and for any prime l we obtain a local representation ρx˜,l by projecting
on the l-th component. We show that in the case where the Shimura
variety is the moduli space for principally polarised abelian varieties
(with level structure), the representations we obtain are the ones nat-
urally associated to abelian varieties.
The point s : S −→ GR of X determines the Mumford-Tate group
M := MT (s) of s. We show (prop. 2.8) quite directly that –at least for
L big enough– ρx˜(Gal(L/L)) is contained in M(Af ) (prop. 2.8). Usu-
ally, for abelian varieties, this statement is derived from Deligne’s result
on absolute Hodge cycles. If Hl is the associated l-adic monodromy-
group, it’s a simple consequence of the theory of complex multiplication
(see remark 2.7) and some functoriality properties of our definition of
Galois representations that Z0M ⊗ Ql ⊂ H
0
l . We don’t know a pre-
cise reference for this result, even in the case of abelian varieties, but
this was probably known to experts and some related statements are
obtained by Serre[13], Chi [2] and Pink [11].
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In section 3, we show that given two points x = [s, 1] and y =
[s, g] lying in one Hecke orbit, the corresponding Galois representation
are conjugate by g up to multiplication by an element z of uniformly
bounded order of ZM(Q) (see thm. 3.1). We think that z might be in
fact trivial but we have not been able to prove this.
In section 4, we define the notion of (∞, l)-integral structure as fol-
lows. Let VQ be a Q vector space and L a number field. An (∞, l)-
integral structure (VZ, s, ρ) on VQ is the following data
(1) A lattice VZ in VQ.
(2) A polarised Z-Hodge structure (Z-PHS) s : S −→ GL(VR).
(3) An l-adic Galois representation ρ : Gal(L/L) :−→ GL(VZl).
Furthermore, we require the following compatibility relation
EndZ−HS(VZ)⊗ Zl ⊂ EndGal(L/L)(VZl).
A (∞, l)-integral structure (VZ, s, ρ) is called Tate if the representation
ρ⊗Ql is semi-simple and
EndZ−HS(VZ)⊗ Zl = EndGal(L/L)(VZl)
One defines a (∞, l)-rational structure as above afer tensoring every-
thing with Q. Morphisms of (∞, l)-rational structures are defined in
an obvious way.
Such a data is naturally attached to an abelian variety and more
generally to a point x = [s, 1] in ShK(G,X)(L) as above, and a faithful
representation G →֒ GLn. We call such a (∞, l)-integral structure of
Shimura type. The generalised Mumford-Tate conjecture asserts that
for a point x = [s, 1] as above, the image of ρx˜,l is open in M(Ql) where
M is the Mumford-Tate group of s. In the case of an (∞, l)-integral
structure attached to an abelian variety or to a point in a Shimura
variety of Hodge type, our generalised Mumford-Tate conjecture is just
the usual Mumford-Tate conjecture.
The Isogeny conjecture asserts that any (∞, l)-integral structure of
Shimura type is Tate. This conjecture is really more general than
the usual Tate isogeny conjecture, proved by Faltings for abelian vari-
eties. Indeed, Faltings proved the Isogeny conjecture for (∞, l)-integral
structures associated to points on moduli space of abelian varieties
with respect to the standard symplectic representation of the symplec-
tic group. Our Isogeny conjecture asserts that the conclusion holds for
every representation of the symplectic group, in particular for all rep-
resentations obtained via tensor constructions with the standard one.
We show in the fourth section that the generalised Mumford-Tate and
Tate conjectures are equivalent. The implication “Mumford-Tate im-
plies Tate” is straightforward and is valid for the classical versions of
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these conjectures. This is a simple consequence of the fact that the
Mumford-Tate group is reductive and that the endomorphisms of the
Hodge structures are precisely those commuting with the action of the
Mumford-Tate group. The other implication really uses the fact that
the conclusion of the Tate conjecture is true for every representation.
The generalised Shafarevich conjecture is the statement that an isogeny
class of a (∞, l)-integral structure contains only finitely many isomor-
phism classes. We show in the fith section that the generalised Sha-
farevich conjecture implies the Isogeny conjecture (see section 5.1). We
follow ad-hoc arguments of Tate from [15].
The implication that the generalised Mumford-Tate conjecture im-
plies the generalised Shafarevich conjecture ( theorem 5.5) is much
harder and totally new. It uses a non-trivial result on conjugacy classes
of open subgroups in p-adic groups (proposition 5.8) which, we believe,
is of independent interest.
1.3. Acknowledgements. The second author is very grateful to the
Universite´ de Paris-Sud for several invitations and to the Leverhulme
Trust for financial support.
2. Galois representations attached to points on Shimura
varieties.
In this section we explain how to attach a Galois representation
to a rational point on a Shimura variety. Some simple consequences
of the definition are given. We prove that the neutral component of
the l-adic monodromy group is contained in the Mumford-Tate group
(proposition 2.8) and that the connected centre of the Mumford-Tate
group is included in the connected centre of l-adic monodromy group
(corollary 2.11) and coincides with it for Shimura varieties of Hodge
type.
2.1. Mumford-Tate groups and Shimura varieties. Let (G,X)
be a Shimura datum and K a compact open subgroup of G(Af).
We let
π : Sh(G,X) −→ ShK(G,X)
be the projection. Then π is defined over the reflex field E := E(G,X)
of (G,X).
Let L be a finite extension of E and x be a point in ShK(G,X)(L).
Lemma 2.1. Write x = [s, g] with s in X and g in G(Af ).
(a) Assume that K is neat. The fibre π−1(x) has a simply transitive
right action by K.
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(b) Assume that x is Hodge generic. The group ZG(Q) ∩K is finite
and the fibre π−1(x) has a simply transitive right action by
K/ZG(Q) ∩K.
Proof. We first check that the fibre π−1(x) is [s, gK].
Let [s′, g′] be a point in π−1([s, g]). There exists an element q of
G(Q) and k in K such that
s′ = qs, g′ = qgk
We have [qs, qgk] = [s, gk] in Sh(G,X). The group K acts by right
multiplication and this action is transitive. Suppose that [s, g] = [s, gk]
with k in K. There exists a q in G(Q) such that gk = qg and q.s = s.
Therefore
(1) q ∈ G(Q) ∩ ZGR(s(S))(R) ∩ gKg
−1.
We make use of the following lemma.
Lemma 2.2. Let M be the Mumford-Tate group of s and C := ZG(M).
Then
G(Q) ∩ ZGR(s(S))(R) = C(Q).
Proof. Fix a faithful representation G → GL(VQ) on a Q-vector space
VQ. Then s : S → GR → GL(VR) defines a Hodge structure on VQ see
[4] 1.1.11–14. Let EndHS(VQ) denotes the endomorphisms of Q-Hodge
structures on VQ. Then
EndHS(VQ) = Ends(S)(VQ) = EndM(VQ)
where, by slight abuse of notation, by Ends(S)(VQ) we mean endomor-
phisms f of VQ such that fR commutes with the action of s(S). There-
fore
GL(VQ) ∩ ZGL(VR)(s(S))(R) = ZGL(VQ)(M)(Q).
The lemma is then obtained by taking the intersection with G(Q) in
the last equation.

We can now finish the proof of the lemma 2.1. Let [s, g] be an
element of π−1(x) and k an element of K such that [s, gk] = [s, g]. By
the previous lemma and the equation (1) there exists a
q ∈ C(Q) ∩ gKg−1
such that q.s = s and gk = qg.
Assume first that x is Hodge generic. By the previous lemma q ∈
ZG(Q) ∩K. As ZG(Q) ∩K acts trivially on π−1(x), we get a simply
transitive right action of K/ZG(Q) ∩K on π−1(x). Any compact open
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subgroup of G(Af) contains a neat compact open subgroup of G(Af)
(see [11] 0.6). To prove that K ∩ZG(Q) is finite, we just need to prove
that K ∩ ZG(Q) is trivial when K is neat.
Assume now that K is neat. Write C = ZGC
′ its decomposition as
an almost direct product. Let KC = C(Af) ∩ K, KZ = ZG(Af) ∩ K
and KC′ = C
′(Af)∩K. Let q be an element of KC ∩C(Q). There is an
integer n, an element z of ZG(Q)∩KZ and an element c′ of KC′∩C ′(Q)
such that qn = zc′.
As ZG(Q) is discrete in ZG(Af) and KZ is neat, we have that z = 1.
Similarly, using the fact that C ′(R) is compact, we get c′ = 1. Therefore
qn = 1. As K is neat, it follows that q = 1. We have proved that
C(Q) ∩K = {1}.
When K is neat, gKg−1 is neat and the previous proof gives C(Q)∩
gKg−1 = {1}. This shows that the fibre π−1(x) has a simply transitive
right action by K.

Note that we have proved the following lemma that will be used later
on.
Lemma 2.3. For any neat compact open subgroup K of G(Af ), C(Q)∩
K = {1}.
The fibre π−1(x) also has a left action by Gal(L/L) which commutes
with the action of K.
We now make use of the following elementary lemma.
Lemma 2.4. Let S be a set. Suppose that a group H acts simply
transitively on S on the right. Suppose that a group G acts on S on
the left and that the action of G commutes with that of H.
Fix a point s0 ∈ S. There is a unique homomorphism φ0 : G −→ H
such that for g ∈ G,
g · s0 = s0 · φ0(g)
Furthermore, let s be a point of S and h ∈ H such that s = s0 ·h. Let φ
be the homomorphism φ : G −→ H such that for g ∈ G, g · s = s · φ(g)
then φ = h−1φ0h.
2.2. Adelic and l-adic Galois representations. We can now de-
fine Galois representations associated to rational points on Shimura
varieties. This will be the main object of study in this paper.
Assume first that K is neat and let L be a number field containing
the reflex field E := E(G,X) of the Shimura datum (G,X). Let
x = [s, 1] ∈ ShK(G,X)(L)
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with s and element of X and let x˜ = [s, k] be a point in π−1(x) which
is the image of (s, k) in Sh(G,X). By applying the above lemma to
our situation, we see that there is a morphism
(2) ρx˜ : Gal(L/L) −→ K
describing the Galois action on π−1(x). Let σ be an element of Gal(L/L),
then
σ(x˜) = [s, kρx˜(σ)].
If x is Hodge generic then the same method gives a morphism
ρx˜ : Gal(L/L) −→ K/ZG(Q) ∩K
such that for all σ ∈ Gal(L/L)
σ(x˜) = [s, kρx˜(σ)].
This last formula makes sense as ZG(Q)∩K acts trivially on Sh(G,X).
Fix a prime number l. Let pl : G(Af ) → G(Ql) be the projection.
Let K l be the kernel of the restriction of pl to K and Kl := pl(K).
Let
ShKl(G,X) := G(Q)\X ×G(Af)/K
l
and
πl : ShKl(G,X) −→ ShK(G,X)
be the natural projection. We have the following commutative diagram:
Sh(G,X)
pil
//
pi
''❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
ShKl(G,X)
pil

ShK(G,X)
where the horizontal map is the quotient by K l.
Finally let pl : G(Af) → G(Alf) be the projection. If g ∈ G(Af ) we
will write gl = pl(g) and g
l = pl(g) and [s, gl, gl] ∈ ShKl(G,X)(C) for
the image of (s, g) ∈ X ×G(Af).
We recall that x˜ = [s, k] is a point in π−1(x). Let
y˜ = πl(x˜) = [s, kl, kl] ∈ π
−1
l (x).
Assume that K is neat. We define the l-adic Galois representation
ρx˜,l : Gal(L/L)→ Kl by the formula
ρx˜,l = pl ◦ ρx˜ : Gal(L/L)→ Kl.
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Lemma 2.5. The l-adic Galois representation ρx˜,l describes the Galois
action on π−1l (x): for all σ ∈ Gal(L/L)
σ(y˜) = [s, klρx˜,l(σ), klpl(ρx˜(σ))].
Remark that K l is of finite index in K˜ l := pl(K) therefore klpl(ρx˜(σ))
varies in a finite set. When K = KlK
l, we have K˜ l = K l and
klpl(ρx˜(σ)) = 1. Therefore we simply get
σ(y˜) = [s, klρx˜,l(σ), 1].
Note that for all l big enough, we have K = KlK
l.
Proof. The map πl : Sh(G,X) −→ ShKl(G,X) is defined over E and
sends x˜ = [s, k] ∈ Sh(G,X) to y˜ = [s, kl, kl] ∈ ShKl(G,X)). For any
σ ∈ Gal(L/L), σ(x˜) = [s, kρx˜(σ)].
As πl(σ(x˜)) = σ(πl(x˜)) = σ(y˜) we find the formula of the lemma. 
Definition 2.6. When x = [s, 1] ∈ ShK(G,X)(L) and x˜ = [s, 1] we
say that the Zariski closure Hl of ρx˜,l(Gal(L/L)) in GQl is the l-adic
monodromy group of ρx˜.
Remark 2.7. The relation with the usual theory of complex multi-
plication is the following. Let (T, {s}) be a CM-Shimura datum with
reflex field E = E(T, {s}). Let KT be a neat open compact subgroup
of T (Af), x = [s, 1] ∈ ShKT (T, {s})(L) for a finite extension L of E
and x˜ = [x, 1] ∈ Sh(T, {s}). The Galois action on Sh(T, {s}) is given
by a reciprocity morphism
r : Gal(L/L)ab → T (Q)\T (Af)
by the formula σ([s, 1]) = [s, r(σ)]. As
π : Sh(T, {s})→ ShKT (T, {s})
is defined over L, we get
π(σ(x˜)) = σ(x) = x = [s, 1] = [s, r(σ)].
Therefore r(σ) ∈ T (Q)KT . As KT is neat KT ∩ T (Q) is trivial and we
can write r(σ) = t(σ)k(σ) with t(σ) ∈ T (Q) and k(σ) ∈ KT . Then
σ([s, 1]) = [s, k(σ)]
and we see that the action of Gal(L/L) on π−1(x) is given by a mor-
phism ρx˜ : Gal(L/L)→ KT , σ 7→ ρx˜(σ) = k(σ).
As a consequence of this discussion and classical results on com-
plex multiplication due to Shimura and Taniyama, if M ⊂ T is the
Mumford-Tate group of s then the l-adic monodromy group of ρx˜ is
MQl.
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We now explain why our construction of Galois representations at-
tached to points on Shimura varieties, in the case of Ag,n gives the
Galois representations on the Tate module of abelian varieties.
Suppose that ShK(G,X) is Ag,n (n ≥ 3), the moduli space of prin-
cipally polarised abelian varieties with level n structure. Therefore
G = GSp2g, K = {α ∈ GSp2g(Ẑ)|α ≡ Id [n]}. Let x be a point in
Ag,n(L) where L is a number field. The point x = [s, 1] corresponds to
the datum (A,L, φn) where A is a g-dimensional abelian variety over
L, L is a principal polarisation and φn is a symplectic isomorphism
φn : An(L) −→ (Z/nZ)2g
where An denotes the kernel of the multiplication by n map on A.
Choose the point x˜ = [s, 1] in Sh(G,X). This point corresponds to
(A,L, φ˜) with A and L the same as above and
φ˜ : T (A) −→ Ẑ2g
is a symplectic isomorphism inducing φn on An by reduction. Here
T (A) =
∏
l TlA with TlA being the l-adic Tate module (or to put it
another way, T (A) = lim←−n∈NAn(L)). The fibre π
−1([s, 1]) is the K-
orbit of φ˜ where for k ∈ K, φ˜ · k is the composite
T (A)
φ˜
−→ Ẑ2g k−→ Ẑ2g
and the points [s˜, k] correspond to (A,L, φ˜ · k). Notice that giving the
isomorphim φ˜ is equivalent to choosing a symplectic basis for T (A).
Furthermore, the action of σ in Gal(L/L) on T (A) is determined by
its effect on a basis. On the other hand, the set of symplectic bases of
T (A) has a transitive action by GSp2g(Ẑ). The Galois and GSp2g(Ẑ)
actions commute. The condition that the bases we consider reduce
mod n to a fixed given base, implies that the restriction of this action
to K has no fixed points.
We see, by the uniqueness of the morphism in 2.4, that the Galois
representation ρx˜ is the representation ρA on T (A) obtained from the
action of Gal(L/L) on each An(L). The same holds for l-adic repre-
sentations ρx˜,l and ρA,l at least for l prime to n.
Proposition 2.8. Assume that K is neat. Let x = [s, 1] be a point
of ShK(G,X)(L) and let ρx˜ be the Galois representation attached to
x˜ = [s, 1]. Let M be the Mumford-Tate group of s. Let L′ be the
subfield of Q generated by L and the reflex field E(M,XM). Then
ρx˜(Gal(L/L
′)) ⊂ M(Af ) ∩K
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and by compatibility,
ρx˜,l(Gal(L/L
′)) ⊂M(Ql) ∩Kl.
Proof. Let XM be the M(R)-conjugacy class of s, then (M,XM) is
a sub-Shimura datum of (G,X). Then ShK∩M(Af )(M,XM) is a sub-
Shimura variety containing x. The projective limit Sh(M,XM) is a
subvariety of Sh(G,X).
We have the following commutative diagram
x˜ ∈ Sh(M,XM) →֒ Sh(G,X)
↓ ↓
x ∈ ShK∩M(Af )(M,XM) →֒ ShK(G,X)
As M is the generic Mumford-Tate group on XM , from lemma 5.1 of
[7], it follows that Z0G ⊂ Z
0
M . Then Z
0
M is isogeneous to Z
0
G × T where
T is a subtorus of Z0M satisfying the condition that T (R) is compact.
As Z0G(Q) and T (Q) are discrete in Z
0
G(Af ) and T (Af) respectively, it
follows that the same holds for Z0M(Q) inside Z
0
M(Af ) (c.f. appendix).
Then there exists a representation ρM,x˜ : Gal(L/L
′) −→ M(Af ) ∩ K.
As in the above diagram, all arrows are defined over L′, ρx˜ factorises
through ρM,x˜. 
The definition of the Galois representations is functorial in the follow-
ing sense. Let θ : (H,XH) → (G,X) be a morphism of Shimura data.
Let KH and K be neat open compact subgroups of H(Af) and G(Af)
and assume that θ(KH) ⊂ K. We then get associated morphisms of
Shimura varieties:
f : ShKH (H,XH)→ ShK(G,X)
and
f˜ : Sh(H,XH)→ Sh(G,X).
Let L be a number field containing the reflex fields of (G,X) and
(H,XH), then f and f˜ are defined over L. Let
x = [s, 1] ∈ ShKH(H,XH)(L),
y = f(x) = [t, 1] ∈ ShK(G,X)(L),
x˜ = [s, 1] ∈ Sh(H,XH)(L) and y˜ = f˜(x˜) ∈ Sh(G,X)(L). Then using
that the commutative diagram
Sh(H,XH) → Sh(G,X)
↓ ↓
ShKH (H,XH) → ShK(G,X)
is defined over L, we get
(3) ρy˜ = θρx˜.
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Let K l (resp. K lH) be the kernel of the projections of K (resp. KH) on
G(Ql) (resp H(Ql)) Let Kl and KH,l be the image of these projections.
We have an induced morphism θl : KH,l → Kl and the relation
(4) ρy˜,l = θlρx˜,l
Corollary 2.9. Let Hl (resp H
′
l) be the l-adic monodromy groups of
ρx˜ (resp. ρy˜). Then H
′
l = θl(Hl).
An interesting case of the corollary is the following. Let
x = [s, 1] ∈ ShK(G,X)(L),
x˜ = [s, 1] and ρx˜ the associated Galois representation.
We have a decomposition as an almost direct product G = Z0GG
der.
Let Gab be the torus G/Gder. To (G,X) one associates two Shimura
data (Gab, {c}) and (Gad, Xad). The reflex field E(G,X) is the compos-
ite of E(Gab, {c}) and E(Had, Xad). There are morphisms of Shimura
data
θab : (G,X) −→ (Gab, {c}) and θad : (G,X) −→ (Gad, Xad).
Notice that refering to (Gab, {c}) as ‘Shimura datum’ is a slight abuse of
terminology. Indeed, it can (and does) happen that Gab is Gm, in which
case c : S −→ GmR is a power of the norm morphism. However, for a
compact open subgroup KGab of G
ab(Af ), the set ShK
Gab
(Gab, {c}) :=
Gab(Q)\Gab×{c}/KGab is well-defined and has a well-defined Galois ac-
tion via a reciprocity morphism, as described by Deligne. In particular,
given a point x = [s, 1] in ShK
Gab
(Gab, {c})(L), the Galois representa-
tion ρx˜,l (where x˜ = [s, 1]) defined as before has the property that the
image of ρx˜,l in G
ab(Ql) is open, just like in the case where (Gab, {c})
is a special Shimura datum.
Fix some open compact subgroups KGab ⊂ G
ab(Af) and Kad ⊂
Had(Af) containing θab(K) and θad(K) respectively.
Corollary 2.10. Let xad (resp. xab) the images of x in ShKad(G
ad, Xad)
(resp. ShK
Gab
(Gab, {c})). In the same way, we define x˜ad and x˜ab. Let
Hl, H
ad
l and H
ab
l be the l-adic monodromy groups of ρx˜, ρx˜ad,ρx˜ab re-
spectively. Then
Hadl = θ
ad(Hl) and H
ab
l = θ
ab(Hl).
Using the remark 2.7 we find that θab(Hl) = G
ab
Ql and that Z
0
G⊗Ql ⊂ Hl.
Corollary 2.11. Assume that K is neat. Let x = [s, 1] be a point
of ShK(G,X)(L) and let ρx˜ be the Galois representation attached to
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x˜ = [s, 1]. Let M be the Mumford-Tate group of s. Let Hl be the
associated l-adic monodromy group then
(5) Z0M ⊗Ql ⊂ Z
0
Hl
.
If (G,X) is a sub-Shimura datum of (GSp2g,H
±
g ) (i.e if ShK(G,X) is
of Hodge type) then
(6) Z0M ⊗Ql = Z
0
Hl
.
Proof. Using proposition 2.8 and it’s proof we may assume that (G,X) =
(M,XM) and the inclusion Z
0
M⊗Ql ⊂ Z
0
Hl
is a consequence of the corol-
lary 2.10. If moreover (G,X) ⊂ (GSp2g,H
±
g ), then M and Hl are the
Mumford-Tate group and the l-adic monodromy group of an abelian
variety A over a number field L. By Faltings result on the Tate con-
jecture [5]
EndL(A)⊗Zl = EndGal(L/L)(Tl(A)) = EndHl(Tl(A)) = EndM⊗Ql(Vl(A)).
Therefore Z0Hl ⊂ Z
0
M ⊗Ql. 
3. Galois action on a Hecke orbit.
Let x = [s, 1] be a point of ShK(G,X)(L) (as before, in particular
recall that K is neat) and let M be the Mumford-Tate group of s. We
assume that L contains E(M,XM) so that the conclusion of 2.8 holds.
In this section we study how Gal(L/L) acts on a L-rational point in
the generalised Hecke orbit of x.
Let y ∈ ShK(G,X)(L) in the generalised Hecke orbit of x. Let g ∈
G(Q) such that y := [s, g] ∈ ShK(G,X)(L) and let y˜ = [s, g] ∈ π−1(y).
As in section 2.2, by applying lemma 2.4 to our situation, we obtain
the representation ρy˜ : Gal(L/L) −→ K having the property that for
σ ∈ Gal(L/L) and k ∈ K, we have
σ([s, gk]) = [s, gkρy˜(σ)]
Theorem 3.1. Let x = [s, 1] be a point of ShK(G,X)(L). Then, for
any σ in Gal(L/L), there exists an element cσ of finite order in Z
0
M(Q)
such that
ρy˜(σ) = cσg
−1ρx˜g
where x˜ = [s, 1]. Furthermore, the set {cσ : σ ∈ Gal(L/L)} is a finite
group of uniformly bounded order (i.e not depending on x˜, y˜).
Proof. The action of ρy˜ on [s, g] is given by
σ([s, g]) = [s, gρy˜(σ)]
On the other hand
[s, g] = [s, 1] · g
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therefore, using the fact that Galois commutes with Hecke, we get
σ([s, g]) = (σ[s, 1]) · g = [s, ρx˜(σ)g]
Hence we have
[s, gρy˜(σ)] = [s, ρx˜(σ)g]
We recall that we defined in the last section C := ZG(M). By Lemma
2.2 there exists cσ ∈ C(Q) such that
cσρx˜(σ)g = gρy˜(σ)
Lemma 3.2. The set Θ := {cσ, σ ∈ Gal(L/L)} is a group.
Proof. We will see that the cσ satisfy the following relation
cσσ′ = cσcσ′
for all σ, σ′ ∈ Gal(L/L). By definition cσ = gρy˜(σ)g
−1ρx˜(σ)
−1. An
easy calculation shows that
cσσ′ = cσρx˜(σ)cσ′ρx˜(σ)
−1
By the proposition 2.8, the image of ρx˜ is contained in M(Af ). The
fact that cσ centralizes M(Af ) implies that cσσ′ = cσcσ′ .
It is obvious that c1 = 1, therefore the lemma is proved. 
Lemma 3.3. We have the following properties:
(1) Let KM = M(Af ) ∩ K and K ′M = M(Af ) ∩ gKg
−1. Then
cσ ∈ K
′
M ·KM .
(2) cσ ∈ ZM(Q). As a consequence Θ is an abelian group.
Proof. As y˜ = [s, g] = [g−1s, 1] and as the Mumford-Tate group of g−1.s
is g−1Mg, proposition 2.8 implies that
ρy˜(Gal(L/L)) ⊂ g
−1M(Af )g ∩K.
As cσ = gρy˜(σ)g
−1ρx˜(σ)
−1, we see that cσ ∈ K
′
M · KM ⊂ M(Af ).
Therefore cσ ∈ ZG(M)(Q) ∩M(Af ) = ZM(Q). 
We have a finite decomposition
K ′M ·KM =
∐
i∈I
αiKM
for some αi ∈ K
′
M .
Lemma 3.4. For each i, αiK∩C(Q) (and in particular αiKM ∩C(Q))
has at most one element.
Proof. Let c = αik and c
′ = αik
′ be two elements of C(Q). Then
c′
−1
c = α−1i k
′−1kαi ∈ C(Q) ∩ α−1i Kαi
Then lemma 2.3 implies that c = c′. 
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We now know that Θ is a finite subgroup of ZM(Q). As K is neat,
KM is neat and ZG(Q) ∩KM = {1}. Therefore if cσ 6= cσ′ then
cσKM ∩ cσ′KM = ∅.
Therefore ΘKM is a compact open subgroup of M(Af ) and
[KM : ΘKM ] = |Θ|.
Choose a faithful representation G →֒ GLn. Then Θ is a finite
subgroup of GLn(Q) and therefore its order is bounded in terms of n
only (see thm 3 of [6]). 
4. Tate structures.
4.1. Definitions. In this section we define the notions of (∞, l)-integral
structures and Tate structures. These generalise the data naturally at-
tached to abelian varieties over number fields. A point on a Shimura
variety and a faithful representation of the corresponding group nat-
urally give rise to such a (∞, l)-integral structure. We then state the
Isogeny and generalised Mumford-Tate conjectures and we show that
they are equivalent. Recall the following definition given in the intro-
duction.
Definition 4.1 ((∞, l)-integral structure). Let L be a number field,
VQ a finite dimensional Q-vector space and l a prime number. An
(∞, l)-integral structure (VZ, s, ρ) on VQ is the following data:
(1) A lattice VZ in VQ.
(2) A polarised Z-Hodge structure (Z-PHS) s : S −→ GL(VR).
(3) An l-adic Galois representation ρ : Gal(L/L) = Gal(Q/L) −→
GL(VZl).
Furthermore, we require the following compatibility condition
EndZ−HS(VZ)⊗ Zl ⊂ EndGal(L/L)(VZl)
An (∞, l)-integral structure (VZ, s, ρ) is called Tate if the representation
ρ⊗Ql is semi-simple and
EndZ−HS(VZ)⊗ Zl = EndGal(L/L)(VZl)
We define the notion of l (∞, l)-rational structure on a finite dimen-
tional Q-vector space VQ in a completely analogous manner.
Let (VZ, s, ρ) be an (∞, l)-integral structure. We let Gl be the Zariski
closure of the image of ρ ⊗ Ql in GL(VQl) and let G
0
l be the neutral
component of Gl. Then ρ induces a representation
ρ : Gal(L/L) −→ Gl −→ Gl/G
0
l
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As the group Gl/G
0
l is finite , after replacing L by a finite extension, we
can assume that Gl is connected. We will always make this assumption
in what follows.
The Mumford-Tate group M of a (VZ, s, ρ) is defined as the smallest
subgroup H of GL(VQ) such that s factors through HR.
Note that if A is an abelian variety over L and VZ = H1(A,Z),
then we obtain a (∞, l)-integral structure as follows: s is the Hodge
structure naturally attached to A and ρ : Gal(L/L) −→ GL(VZl) is
the Galois representation on the Tate module TlA = VZl attached to
A. Then (VZ, s, ρ) is an (∞, l)-integral structure which is Tate by the
theorems of Faltings ([5] and the introduction).
Definition 4.2. Suppose that L and l are fixed. An isogeny of (∞, l)-
integral structures (VZ, s, ρ) and (V
′
Z, s
′, ρ′) with VZ ⊗Q = V ′Z ⊗Q, is a
α ∈ GL(VQ) such that α : VZ −→ V
′
Z is a morphism of Z-HS and such
that αl = α⊗Zl is a morphism of Galois representations. We say that
α is an l-isogeny if moreover |V ′Z/αVZ| = l
n for some integer n.
Definition 4.3. Let (WZ, s, ρ) be a (∞, l)-integral structure on VQ (i.e
WQ = VQ). Then (WQ = VQ, s, ρ⊗Ql) is a (∞, l)-rational structure on
VQ called the extension of WZ to Q.
We say that two (∞, l)-integral structures are isogeneous if their ex-
tensions to Q are isomorphic. Two (∞, l)-integral structures are iso-
geneous if and only if there exists an isogeny between them.
Note that, by a theorem of Faltings, two abelian varieties A and B
over L are isogeneous if and only if the corresponding (∞, l)-integral
structures are isogeneous.
The main objective of this paper is the study of the (∞, l)-integral
structures associated to Q-valued points of Shimura varieties and rep-
resentations of appropriate groups.
Let (G,X) be a Shimura datum and K ⊂ G(Af) a neat compact
open subgroup of the form K = Kl ×K
l with Kl ⊂ G(Ql) a compact
open subgroup.
Fix a representation µ : G −→ GL(VQ) and a lattice VZ ⊂ VQ such
that Kl ⊂ GL(VZl).
Lemma 4.1. Let x = [s, 1] be a point in ShK(G,X)(L). Fix the point
x˜ = [s, 1] of ShKl(G,X) over x. Let ρx˜,l be the l-adic representation
attached to this data.
Then (VZ, µ ◦ s, µ ◦ ρx˜,l) is an (∞, l)-integral structure. We call such
a structure a structure of Shimura type.
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Proof. Let M be the Mumford-Tate group of s. Then the Mumford-
Tate group of µ ◦ s is µ(M), therefore
EndZ−HS(VZ) = Endµ(M)(VZ)
where, by abuse of notation, we denote Endµ(M)(VZ) = End(VZl) ∩
Endµ(M)(VQl). On the other hand, the image of µ ◦ ρx˜,l is contained in
µ(M)(Zl) (by Proposition 2.8), the compatibility condition follows. 
We now state the Isogeny and Mumford-Tate conjectures.
Conjecture 4.2 (Isogeny and generalised Mumford-Tate conjectures.).
Let (VZ, µ ◦ s, µ ◦ ρx˜,l) be an (∞, l)-integral structure of Shimura type.
Let HQl be the neutral component of the Zariski closure of the image of
ρx˜,l. The Mumford-Tate conjecture asserts that HQl = MQl.
The Isogeny conjecture asserts that every (∞, l)-integral structure of
Shimura type is Tate.
Notice, that for Shimura varieties of Hodge type, the generalised
Mumford-Tate conjecture is actually the usual Mumford-Tate conjec-
ture while the Isogeny conjecture is genuinely more general. In what
follows, when referring to the generalised Mumford-Tate conjecture, we
will often drop the adjective ‘generalised’ which, we hope, will cause
no confusion.
4.2. Isogeny and generalised Mumford-Tate conjectures are
equivalent. We prove the following.
Theorem 4.3. The generalised Mumford-Tate and Isogeny conjectures
are equivalent.
More precisely, let (VZ, s, ρx˜,l) be the data attached, as before, to a
point [x, 1] of a Shimura variety ShK(G,X)(L) where L is a number
field and x˜ = [s, 1]. Let HQl and MQl be as before.
Then for any representation µ, the (∞, l)-structure (VZ, µ◦s, µ◦ρx˜,l)
is Tate if and only if
HQl = MQl
Proof. Let (VZ, s, ρ) be a (∞, l)-integral structure. Assume the Mumford-
Tate conjecture. As M is a reductive group, the Mumford-Tate conjec-
ture implies that neutral component of the Zariski closure of the image
of ρx˜,l is reductive. Therefore ρx˜,l is semi-simple. As
EndGal(L/L)(VZl) = Endµρ(Gal(L/L))Zar(VZl) = Endµ(M)(VZl) = EndZ−HS(VZ)⊗Zl,
the (∞, l)-integral structure (VZ, s, ρ) is Tate.
The fact that the Isogeny conjecture implies the Mumford-Tate con-
jecture will result from the following lemma
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Lemma 4.4. Let H ⊂M ⊂ G be the inclusions of connected reductive
algebraic groups over Ql. Suppose that for every finite dimensional
representation µ : G −→ GL(VQl), the following equality of centralisers
holds:
ZGL(VQl )(µ(H)) = ZGL(VQl)(µ(M))
then M = H.
Proof. By a theorem of Chevalley, there exists a representation µ : GQl −→
GL(VQl) and a vector x ∈ VQl such that H is the stabiliser of the line
Ql · x.
Suppose that M 6= H , then W = M(Ql) · x is an irreducible M-
module of dimension > 1. Using semi-simplicity of the representations
of M , we write
V = W ⊕W ′
as M-sub-modules. We note that W and W ′ are H-modules and we
have a decomposition into H-modules (using semi-simplicity of repre-
sentations of H):
VQl = Ql · x⊕W1 ⊕W
′
A block diagonal matrix with respect to this decomposition is in the
centraliser of H but not in the centraliser of M by construction. This
gives a contradiction. 
Let H be the Zariski closure of ρ(Gal(L/L)). The semi-simplicity of
ρ implies that H is a reductive subgroup of M . The generalised Tate
conjecture implies that
ZGL(VQl )(µ(H)) = ZGL(VQl)(µ(M))
for all representations µ. By applying the lemma to H ⊂ M , we
conclude that H = M i.e. the Mumford-Tate conjecture holds.

Remark 4.5. Note that it is not possible to deduce (at least directly) the
Mumford-Tate conjecture from the Tate isogeny conjecture for abelian
varieties proved by Faltings. The point here being that in order to de-
duce Mumford-Tate we need the Isogeny conjecture to hold for (∞, l)-
integral structures attached to all representations of the symplectic group.
Faltings only proves it for the natural symplectic representation.
5. Generalised Shafarevich conjecture.
In this section we state the generalised Shafarevich conjecture and
prove that it is equivalent to the Isogeny conjecture. One implication
is standard and is essentially due to Tate. For other implication, we
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show that generalised Mumford-Tate implies the generalised Shafare-
vich conjecture. This involves some non-trivial group-theoretic and
measure-theoretic arguments.
We consider a Shimura variety ShK(G,X), a finite dimensional rep-
resentation VQ of G and a lattice VZ of VQ as in the previous section.
Conjecture 5.1 (generalised Shafarevich conjecture). Assume that
K = K lKl is a neat compact open subgroup of G(Af). Let x = [s, 1]
be a point of ShK(G,X)(L) and fix x˜ = [s, 1] the point of ShKl(G,X)
above x. Let (VZ, s, ρx˜,l) be the corresponding (∞, l)-integral structure
of Shimura type.
The set of (∞, l)-integral structures of Shimura type l-isogeneous to
(VZ, s, ρx˜,l) forms a finite number of isomorphism classes.
One notices that in the case where the (∞, l)-integral structures
are attached to abelian varieties, this is (a slightly weaker form of) a
statement proved by Faltings.
The main theorem we prove in this section is the following.
Theorem 5.2. The generalised Shafarevich conjecture is equivalent to
the Isogeny conjecture.
More precisely, let as before (VZl, s, ρx˜,l) be an (∞, l)-integral struc-
ture of Shimura type. Then the set of (∞, l)-integral structures of
Shimura type l-isogeneous to (VZl, s, ρx˜,l) is finite if and only if for any
µ, the structure (VZl, µ ◦ s, µ ◦ ρx˜,l) is Tate.
5.1. Generalised Shafarevich implies the Isogeny conjecture.
In this section we prove that the generalised Shafarevich conjecture
implies the Isogeny conjecture. The proofs in this section essentially
paraphrase section 2 of [15].
Lemma 5.3. Let (VZ, s, ρ) be an (∞, l)-integral structure on VQ. We
suppose that the l-isogeny class of (VZ, s, ρ) contains finitely many iso-
morphism classes. For any Gal(L/L)-submodule V ′ of VQl, there exists
a u ∈ EndQ−PHS(VQ)⊗Ql such that
u(VQl) = V
′
Proof. Let V ′ be a Gal(L/L)-submodule of VQl and fix a Ql-sub-module
V ′′ of VQl such that VQl = V
′ ⊕ V ′′.
Let V ′Zl := V
′∩(VZ⊗Zl) and V ′′Zl := V
′′∩(VZ⊗Zl). These are lattices
in V ′ and V ′′ respectively. Let
(7) Vn,Zl := V
′
Zl + l
nVZl
The Z-submodule Vn,Z := Vn,Zl ∩ VZ of VZ is free of the same rank
and Vn,Z⊗Zl = Vn,Zl. Thus we have constructed a sequence ofl (∞, l)-
integral structures (Vn,Z, s, ρ). Note that, by construction, all these
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structures are l-isogeneous to (VZ, s, ρ), therefore, by assumption, they
fall into finitely many isomorphism classes. Hence, we can assume
that all the (Vn,Z, s, ρ) are isomorphic to a fixed (Vn0Z, s, ρ). We can
view each (Vn,Z, s, ρ) as a sub-(∞, l)-integral structure of (Vn0Z, s, ρ) for
n ≥ n0.
Let αn : (Vn0Z, s, ρ) −→ (Vn,Z, s, ρ) be an isomorphism and fn be the
isogenies given by inclusions between (Vn,Z, s, ρ) and (Vn0Z, s, ρ)).
Hence un = fnαn is an element of End(VQ) and it satisfies
un(Vn0Zl) = Vn,Zl ⊂ Vn0Zl.
Hence un ⊗ Zl is in End(Vn0Zl) which is compact. After possibly
passing to a sub-sequence, we may assume that un ⊗ Zl converges to
u ∈ End(Vn0Zl).
On the other hand, as un ∈ EndZ−PHS(Vn0) ⊗ Zl which is closed in
End(Vn0Zl ) (using the fact that the un commute to the Mumford-Tate
group), we see that u ∈ EndZ−PHS(Vn0)⊗ Zl.
It is easy to see that there exists k ∈ N such the index of V ′Zl + l
nV ′′Zl
in Vn,Zl = V
′
Zl + l
nVZl is bounded by l
k when n→∞.
Let v ∈ Vn0Zl and let v = v
′ + v′′ with v′ ∈ V ′Ql and v
′′ ∈ V ′′Ql. Using
the previous discussion we can write unv = v
′
n + v
′′
n with l
kv′n ∈ V
′
Zl
and v′′n ∈ l
n−kV ′′Zl. By making n go to infinity, we see that u(v) ∈ V
′.
By linearity this implies that u(VQl) ⊂ V
′. To see that u surjects onto
V ′, take any element v′ of V ′Zl. As un is surjective, there exists an
element vn of V
′
n0Zl such that unvn = v
′. By compacity we may assume
that vn converges to v ∈ V
′
n0Zl and by passing to the limit, we see that
u(v) = v′. By extending scalars to Ql, we see that u is surjective. 
Proposition 5.4. Let (VQ, s, ρ) be a (∞, l)-rational structure on VQ.
Suppose that for every Gal(L/L)-submodule W of VQl = Vl (resp. ev-
erery Gal(L/L)-submodule of (VQl × VQl, s × s, ρ × ρ)), there exists a
u ∈ EndQ−PSH(VQ)⊗Ql (resp. u ∈ EndQ−PSH(VQ×VQ)⊗Ql such that
u(Vl) =W (resp. u(Vl × Vl) = W ) , then (VQ, s, ρ) is Tate.
Proof. We first verify the semi-simplicity. Let W be a Gal(L/L)-
invariant subspace of VQl. We need to construct a Gal(L/L)-invariant
complement W ′. Consider the right ideal in EndQ−PHS(VQ)⊗Ql
I = {u ∈ EndQ−PHS(VQ)⊗Ql : uVQl ⊂W}
As I is a right ideal in a semi-simple algebra, it is generated by an
idempotent element e. We have W = eVQl and we let W
′ = (1− e)VQl,
then
VQl = W ⊕W
′
MUMFORD-TATE AND GENERALISED SHAFAREVICH CONJECTURES. 23
As Gal(L/L) commute with EndQ−PHS(VQ) ⊗ Ql, the space W ′ is
Gal(L/L)-stable. This proves the semisimplicity.
We now prove the second condition. Let α be an element of End(Vl)
commuting with Gal(L/L). Consider the graph of α
W = {(x, α(x)) : x ∈ Vl}
Note that W is a Gal(L/L)-invariant subspace of Vl × Vl, therefore
there is a u ∈ EndQ−PHS(V × V )⊗Ql such that
u(Vl × Vl) =W
Let C be the commutant of EndQ−PHS(VQ) ⊗ Ql in EndQl(Vl), and c
be an element of C. Then
(
c 0
0 c
)
is an element of End(Vl × Vl) and
it commutes with EndQ−PHS(V × V ) ⊗ Ql and in particular with u.
Consequently(
c 0
0 c
)
W =
(
c 0
0 c
)
u Vl × Vl = u
(
c 0
0 c
)
Vl × Vl ⊂W
Hence, for any x ∈ Vl,
(cx, cαx) ∈ W
therefore
αcx = cαx
Thus for all c ∈ C, αc = cα and α belongs to the commutant of the
commutant of EndQ−PHS(V )⊗Ql in End(Vl). By the double commu-
tant theorem, α belongs to EndQ−PHS(V )⊗Ql. It follows that (VZ, s, ρ)
is Tate. 
Now we can prove that the generalised Shafarevich conjecture im-
plies the generalised Tate conjecture. Let (VZ, s, ρ) be an (∞, l)-integral
stucture. According to the generalised Shafarevich Conjecture, the l-
isogeny classes of (VZ, s, ρ) and (VZ × VZ, s× s, ρ× ρ) fall into finitely
many isomorphism classes. The lemma 5.3 implies that the assump-
tions of 5.4 are satisfied, therefore, by 5.4, (VZ, s, ρ) is Tate.
5.2. Mumford-Tate implies generalised Shafarevich. In this sec-
tion we prove that the Mumford-Tate conjecture implies the generalised
Shafarevich conjecture.
Theorem 5.5. Let (VZ, s, ρ) be an (∞, l)-integral structure such that
Ul := ρ(Gal(L/L)) is an open subgroup of M(Ql) where M is the
Mumford-Tate group of s.
The l-isogeny class of (VZ, s, ρ) is a union of finitely many isomor-
phism classes.
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Lemma 5.6. An (∞, l)-integral structure l-isogeneous to (VZ, s, ρ) ad-
mits a representative (in its isomorphism class) of the form (WZ, s, ρ)
where WZ is a sublattice of VZ of index a power of l such that WZl is
Gal(L/L)-invariant.
Proof. Let (V ′Z, s
′, ρ′) be an (∞, l)-integral structure l-isogeneous to
(VZ, s, ρ). We can find a α ∈ GL(VQ) such that s = αs
′α−1 and
ρ = αρ′α−1. The structure (V ′Z, s
′, ρ′) is isomorphic to (αV ′Z, s, ρ).
For any power ln of l, there is an isomorphism between (αV ′Z, s, ρ)
and (lnαV ′Z, s, ρ). We can choose n such that l
nαV ′Z ⊂ VZ and we let
WZ = l
nαV ′Z. 
Let (WZ, s, ρ) be an (∞, l)-integral structure l–isogeneous to (VZ, s, ρ)
with WZ ⊂ VZ. We let
T = {αUlα
−1 where α ∈ GL(VQl), αUlα
−1 ⊂ GL(VZl)}
Lemma 5.7. Let α ∈ GL(VQl) be such that α(WZl) = VZl . Then
αUlα
−1 ∈ T .
Proof. We have the following diagram for any σ ∈ Gal(L/L):
WZl
α·
//
ρ(σ)

VZl
αρ(σ)α−1

WZl α·
// VZl
It is clear from this diagram that αUlα
−1 stabilises VZl and therefore
αUlα
−1 ⊂ GL(VZl)

The group GL(VZl) acts on the left on T . We now prove the following
proposition.
Proposition 5.8. The set T is a finite union of GL(VZl)-orbits.
Proof. Choose a basis for VZl and identify GL(VZl) with GLn(Zl). Let µ
be the normalized Haar measure on Ul and 1GLn(Zl) be the characteristic
function of GLn(Zl). Let m ≥ 1 be an integer. We define a function
ψm on GLn(Ql) as follows
ψm(α) :=
∫
Um
l
m∏
i=1
1GLn(Zl)(αtiα
−1)dµ(t1) . . . dµ(tm).
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We see that if αUlα
−1 ⊂ GLn(Zl), then ψm(α) = 1. The function
ψm is well defined on
GLn(Zl)\GLn(Ql)/ZGLn(M)(Ql).
The following lemma is a variant of a lemma that was communicated
to us by L. Clozel.
Lemma 5.9. If m is large enough, the function ψm(α) goes to 0 when
α goes to ∞ in GLn(Ql)/ZGLn(M)(Ql) (for the usual l-adic topology).
Proof. Let m be an integer. It suffices to prove that if m is large
enough, then for (t1, . . . , tm) outside a subset of U
m
l of measure zero,
we have
m∏
i=1
1GLn(Zl)(αtiα
−1) −→ 0
when α→∞ in GLn(Ql)/ZGLn(M)(Ql).
Let us define
Wm = {(t1, . . . , tm), ti ∈ Ul, ti semi-simple and ZGLn(Ql)(t1, . . . , tm)
0 = ZGLn(M)
0}
For t = (t1, . . . , tm) ∈ Wm, we have a morphism
πt : GLn(Ql)/ZGLn(M)(Ql)→ O(t)
where O(t) := {(xt1x
−1, . . . , xtmx
−1), x ∈ GLn(Ql)} is the orbit of t in
GLn(Ql)m under the action of GLn(Ql) by conjugation.
The fibres of πt are in bijection with ZGLn(Ql)(t1, . . . , tm)/ZGLn(M)(Ql)
and, by definion of (t1, . . . , tm), are finite.
As t is semi-simple, this orbit is closed and the map πt is proper.
Therefore, for α outside a bounded and closed subset of GLn(Ql)/ZGLn(M)(Ql),
we have
m∏
i=1
1GLn(Zl)(αtiα
−1) = 0.
Therefore, the lemma is a consequence of the following statement.
Lemma 5.10. For m large enough, the set Wm has measure 1 in U
m
l .
We start by showing the following.
Lemma 5.11. Let H be a Ql-algebraic subgroup of GLn,Ql. Assume
that ZGLn(M) ⊂ H and that ZGLn(M)
0 6= H0.
Then the set {t ∈ Ul, H
0 ⊂ ZGLn,Ql (t)} has µ-mesure 0.
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Proof. Let Θ ⊂ Ul be a subset of positive measure. Let Θ
′ be the
subgroup of Ul generated by Θ and Θ
′′ the closure of Θ′ for the analytic
topology. Then Θ′′ is a compact subgroup of Ul of positive measure.
Then Θ′′ is an open compact subgroup of Ul.
An element g ∈ GLn(Ql) that centralizes Θ, also centralizes Θ′′.
Hence we need to prove that if U ′l ⊂M(Ql) is a compact open subgroup,
then ZGLn,Ql (U
′
l )
0 = ZGLn(M)
0.
We first remark that ZGLn,Ql (U
′
l ) is contained in N
0
M (neutral com-
ponant of the normaliser of M). If s ∈ ZGLn,Ql (U
′
l ) but s /∈ NM , then
Ms := M ∩ sMs
−1 is a subgroup of M such that dim(Ms) < dim(M)
(notice that M is connected). But Ms(Ql) contains the open compact
subgroup U ′l of M(Ql). One can check that this gives a contradiction.
We have the following decomposition as almost direct products:
N0M = M
derZGLn(M).
We have the following exact sequence
1 −→ ZGLn(M)
0(Ql) −→ NM(0Ql) −→Mad(Ql)
An element of ZGLn,Ql (U
′
l ) goes to the centraliser of a compact open sub-
group Mad(Ql) and is therefore trivial. This shows that ZGLn,Ql (U
′
l ) =
ZGLn(M). 
We define the subset Θm of U
m
l to be the set of the (t1, . . . , tm) ∈ U
m
l
such that the first coordinate t1 is an arbitrary element in Ul.
If ZGLn,Ql (t1)
0 = ZGLn(M)
0, then t2 is an arbitrary element of Ul. If
ZGLn,Ql (t1)
0 6= ZGLn(M)
0 we require that ZGLn,Ql (t1)
0 is not contained
in ZGLn,Ql (t2)
0. By the above lemma t2 is in a subset of Ul of µ-mesure
1. On the other hand
ZGLn,Ql (t1, t2)
0 $ ZGLn,Ql (t1)
0.
By repeating the process we construct the required set Θm as follows.
Let (t1, . . . , tr) be the first r coordinates of an element of Θm. If
ZGLn,Ql (t1, . . . , tr)
0 = ZGLn(M)
0, tr+1 is arbitrary in Ul. If ZGLn,Ql (t1, . . . , tr)
0 6=
ZGLn(M)
0, we impose that ZGLn,Ql (t1, . . . , tr)
0 is not in ZGLn,Ql (tr+1)
0.
The element tr+1 is in a subset of Ul of µ-mesure 1.
By construction of Θm, for all m, Θm is of mesure 1 and for m large
enough the elements of Θm satisfy
ZGLn,Ql (t1, t2, . . . , tm)
0 = ZGLn(M)
0
As M is reductive and connected, the set of semi-simple elements is
open in M and the set Ussl of semi-simple elements of Ul is of measure
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1. We deduce that for m large enough, Θm ∩ (U
ss
l )
m is of measure 1
and is contained in Wm. This finishes the proof of the lemma. 
Let m be large enough so that the conclusion of the above lemma
holds. The set
A := {α ∈ GLn(Ql), αUlα−1 ⊂ GLn(Zl)}
has a bounded image in GLn(Ql)/ZGLn(M)(Ql) (note that ψm|A = 1).
We deduce that
GLn(Zl)\A/ZGLn(M)(Ql)
is a finite set. There is a surjection A/ZGLn(M)(Ql) → T . The finite-
ness of GLn(Zl)\T follows. 
Let {θ1Ulθ
−1
1 , . . . , θrUlθ
−1
r } be a set of representatives for GL(VZl)-
orbits in T .
Let α ∈ GL(VQl) such that αWZl = VZl . Multiplying α on the left
by an element of GL(VZl) does not affect this condition, therefore we
may assume that there exists a i ∈ {1, . . . , r} such that
αUlα
−1 = θiUlθ
−1
i
In what follows we study the set of (∞, l)-integral structures (WZ, s, ρ),
l-isogeneous to (VZ, s, ρ) with WZ ⊂ VZ such that the set
Tθ = {α ∈ GL(VQl), αWZl = VZl and αUlα
−1 = θUlθ
−1}
is non-empty (for a fixed θ ∈ GL(VZl) among the set of θi).
Let us define the set
S = {α ∈ GL(VQl), αWZl = VZl and αUlα
−1 = Ul}
Lemma 5.12. Let Z := ZGL(VQl )(M). The set
Ul\S/Z(Ql)
is finite.
Proof. Consider
S ′ = {α ∈ GLn(Ql), αUlα−1 = Ul}
Clearly, it suffices to prove that
Ul\S
′/Z(Ql)
is finite. Note that S ′ is contained in NGLn(M)(Ql) (the normaliser of
M). As we are only interested in finiteness, we just have to prove that
Ul\S
′′/Z(Ql)
for the subset S ′′ = S ′ ∩NGLn(M)
0(Ql) of S. Write
N = NGLn(M)
0 =MZ =MderZ ′
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We have an exact sequence
1 −→ Z ′(Ql) −→ N(Ql) −→Mad(Ql)
Let Uadl be the image of Ul in M
ad(Ql). The elements of S ′′ go to the
normaliser of Uadl in M
ad(Ql). The normaliser of a compact open sub-
group theQl-points of a semi-simple group is a compact open subgroup.
It follows that
S ′′ = Z(Ql)Vl
where Vl is a compact open subgroup of M(Ql) containing Ul. The
result follows. 
Let us write the finite decomposition
S =
∐
i
UltiZ(Ql)
We fix i and let t = ti. Note that there is a bijection
Tθ −→ S α 7→ θ
−1α
Thus, we may assume that the (∞, l)-integral structures (WZ, s, ρ) l-
isogeneous to (VZ, s, ρ) are equipped with an α ∈ Tθ such that
αWZl = VZl and θ
−1α = utz
where u ∈ Ul and z ∈ Z(Ql). We rewrite this as
θ−1(θu−1θ−1) = tz
Note that the element θu−1θ−1 is in αUlα
−1 and fixes αWZl . Therefore,
we can assume that there is an α ∈ Tθ such that
αWZ = VZ and θ
−1α = tz
We can now start the proof of the theorem 5.5. Consider a sequence
(Wn,Z, s, ρ) of (∞, l)-integral structures isogeneous to (VZ, s, ρ). Recall
that our aim is to prove that this sequence is finite up to isomorphism.
By what preceeds, we see that without loss of generality, we can
assume that there exists an αn ∈ GL(VQl) such that
αnWn,Zl = VZl and θ
−1αn = tzn
for some zn ∈ Z(Ql). For every pair n, n′, we let
βn,n′ := α
−1
n′ αn = z
−1
n′ zn ∈ Z(Ql)
We have βn,n′Wn,Zl = Wn′,Zl. Note that the fact that βn′,n ∈ Z(Ql)
shows that βn,n′ induces an isomorphism of Galois representations be-
tween (Wn,Zl, ρ) and (Wn′,Zl , ρ).
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Fix n0 and for every n, consider
βn := βn,n0
so that βnWn,Zl =Wn0,Zl.
Consider the open compact subgroup of Z(Ql) defined by
H0 = GL(Wn0,Zl) ∩ Z(Ql).
We have a finite decomposition
Z(Ql) =
∐
i
H0γiZ(Q)
for some elements γi ∈ Z(Ql). Without loss of generality we can assume
that for all n,
βn = hnγzn
where γ ∈ Z(Ql) is fixed and hn ∈ H0, zn ∈ Z(Q). As
H0 = GL(Wn0,Zl) ∩ Z(Ql),
we see that we can replace βn with h
−1
n βn and therefore assume that
βn = γzn
where zn ∈ Z(Q).
We find that for any pair (n, n′),
λn,n′ = β
−1
n′ βn
is an element of Z(Q) and satisfies
λn,n′Wn,Zl = Wn′,Zl
As λn,n′ is in Z(Q) ∩ Z(Ql) (intersection inside Z(Af)), we see that
λn,n′(Wn,Z) =Wn′,Z, therefore λn,n′ is an isomorphism of (∞, l)-integral
structures.
Appendix.
In this section we prove the following theorem which implies that
making the assumption SV5 of [8] does not cause any loss of generality.
The proof is extracted from the unpublished notes by Moonen [10].
Lemma 5.13. Let (G,X) be a Shimura datum such that G is the
generic Mumford-Tate group on X. Then ZG(Q) is discrete in ZG(Af ).
Proof. By assumption, G is the Mumford-Tate group of a point h of X .
Choose a faithful rational representation G →֒ GL(V ) of G. Composed
with h, it gives a pure rational Hodge structure on V and and its
Mumford-Tate group M is a subgroup of GL(V ).
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Let U1 be the subgroup of S consisting of elements of norm one. We
define the Hodge group H := Hg(h) to be the smallest subgroup of
GL(V ) such that the restriction of h to U1 factorises through HR. The
Mumford-Tate group is the semi-direct product of GmQ and Hg(h)
if the weight is not zero and M = Hg(h) if the weight is zero. Let
C = h(i), of course, C is contained in Hg(h)(R) and σ := ad(C)
defines an involution of Hg(h)R (note that C
2 = −id) and we have an
inner form Hg(h)σ which has the property that Hg(h)σ(R) is compact
and Hg(h) is a reductive Q-group. We write
Hg(h) = Z0HH1 · · ·Hr
where the Hi are the almost simple factors of Hg(h)
der.
We note that for each factor in this decomposition (including Z0H),
σ = ad(C) defines a compact form over R. On the other hand we have
(Z0H)
σ(R) = Z0H(R) (because (Z
0
H)
σ(R) = {x ∈ ZH(C) : x = C−1xC =
x} = Z0H(R)), therefore Z
0
H(R) is compact and hence Z
0
H(Q) is discrete
in Z0H(Af). It is also true that Gm(Q) is discrete in Gm(Af). We
conclude that M(Q) is discrete in M(Af ). 
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